
Molecular & Cellular Biomechanics 2024, 21(1), 449. 

https://doi.org/10.62617/mcb.v21i1.449 

1 

Article 

Inverse dynamics analysis of 4-DOF stacking robot with closed chain 

structure 

Liang Yu1,2,3, Ronaldo Juanatas3, Mingliang Zheng1,2,* 

1 Mechanical and Electrical Engineering, Huainan Normal University, Huainan 232038, China 
2 Human-computer Collaborative Robot Joint Laboratory of Anhui Province, Huainan 232038, China 
3 Technological University of the Philippines, Manila 0900, Philippines 

* Corresponding author: Mingliang Zheng, zhmlwxcstu@163.com 

Abstract: A four-degree-of-freedom PR1300 stacking robot with two parallel quadrilateral 

structures connected in series at the shoulder was designed. The hybrid robot with local 

closed chains has the characteristics of compact structure, high stiffness, and high modularity. 

To solve the dynamic problem of the hybrid robot. Firstly, by analyzing the induced 

relationship between joints, the stacking robot with a local closed chain structure is 

transformed into two branch chain mechanisms, and the kinematic model of the robot is 

established using the D-H parameter method. Secondly, the Kane method is applied to model 

the dynamics of the two branch chains separately, and the rigid body dynamics Kane 

equation of the entire 4-DOF stacking robot with a closed chain structure is obtained through 

the augmented matrix. Finally, the SolidWorks Motion mechanical simulation platform and 

MATLAB software were used to program dynamic simulations and numerical calculations, 

and the results were compared to verify the correctness of the dynamic theory derivation. 

This theory provides a necessary theoretical basis for the subsequent synthesis of robot 

dynamic scales. 

Keywords: PR1300 stacking robot; Kane equation; inverse dynamics; simulation 

1. Introduction 

Stacking robots are a type of industrial robot that is rapidly developing in 

industries such as logistics and manufacturing. With the development of automated 

production lines towards intelligence, efficiency, and integration, the requirements 

for the power performance indicators of stacking robots are also increasing [1–3]. 

The stacking robot with a closed chain structure has the characteristics of high 

stiffness, good stability, and strong load-bearing capacity [4]. At present, scholars are 

utilizing AI technologies such as fuzzy control and neural network control to 

optimize the motion control and adaptive capabilities of robots [5–7]. In addition, 

they have conducted extensive research on stacking robots, including configuration 

design and synthesis [8], kinematics calculation [9–11] and dynamic simulation [12], 

etc. However, there is still limited research on the dynamic theoretical model of 

stacking robots. The dynamics of robots are related to acceleration, load, mass, and 

inertia, and their characteristics include the coupling effect of each joint, the 

nonlinear effects of Coriolis force and centrifugal force. The main task of dynamic 

analysis is to analyze the relationship between driving torque and joint motion. The 

results of dynamic analysis are helpful for driver selection and are a prerequisite for 

achieving high-precision real-time control of robots. Similarly, based on dynamic 

analysis, structural parameters can be optimized to obtain the optimal structural 
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solution. 

The commonly used dynamic modeling methods include: Lagrange equation 

[13–15], Newton Euler method [16], Kane equation [17–20], d’Alembert principle 

[21], and virtual work principle [22–23]. Among them, The Lagrange equation is 

based on the energy function and obtains the dynamic equation through 

differentiation. This method is relatively concise when building models, but it 

requires a large amount of computation when dealing with complex systems and is 

not easy to directly consider forces and constraints. The Newton Euler method is a 

method based on force balance and moment balance, suitable for both open chain 

and closed chain systems. This method requires gradually calculating the velocity, 

acceleration, and other motion parameters of each connecting rod, as well as the 

forces and moments between the connecting rods during the derivation process. 

Although the calculation process is relatively cumbersome, the physical meaning is 

clear, easy to understand and apply. In systems with more degrees of freedom, the 

computational efficiency of the Newton Euler method may be better than that of the 

Kane method. The D’Alembert principle is an extension of Newton’s second law on 

a system of particles, which introduces the concept of inertial force to address 

dynamic problems. This method is more intuitive in establishing dynamic equations, 

but it also requires gradually calculating the acceleration and inertia forces of each 

particle, which requires a large amount of computation. The principle of virtual work 

is a method based on the principle of energy conservation, which solves dynamic 

problems by establishing the relationship between virtual displacement and virtual 

work. This method may have simplicity when dealing with certain specific problems, 

but it is not as intuitive and universal as other methods in general dynamic analysis. 

However, In the inverse dynamics of closed chain stacking robots, the Kane 

method has certain advantages and limitations, and also has its own characteristics 

compared to other dynamic analysis methods. 

The Kane method is suitable for multi degree of freedom discrete systems, 

especially for mathematical modeling of robot dynamics with closed chain 

structures. In the inverse dynamics of a closed chain stacking robot, the Kane 

method can split the closed chain into several open chains for solution, without the 

need to calculate the constraint forces and torque at the split points of the closed 

chain, thus simplifying the calculation process. The Kane method only requires step-

by-step derivation from the beginning to the end of the robot to obtain the robot 

system model. The calculation process only involves dot product and cross product 

operations of vectors, and does not require differentiation operations. Compared to 

other methods that require complex differentiation operations, this has a smaller 

computational complexity. The Kane method retains the advantages of cyclic 

recursion in the Newton Euler method analysis process, and is formally a first-order 

differential equation with a standard derivation process, making it easier to 

implement on computers. When dealing with stacking robots with multiple closed 

chain structures, the Kane method can fully consider the mutual influence between 

local closed chains, thereby more accurately solving the real-time variation of robot 

driving torque. 

The Kane method also has certain limitations. The concept of partial velocity in 

the Kane method is relatively abstract and vague, which may bring certain 
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difficulties in understanding and application in practical engineering applications. 

When the robot has fewer degrees of freedom, the total computational cost of the 

Kane method is lower. But as the degrees of freedom increase, the total amount of 

calculations in the Kane method will increase exponentially. Therefore, in systems 

with very high degrees of freedom, the computational efficiency of the Kane method 

may not be as good as other methods. 

Therefore, the Kane method has broad application prospects and advantages in 

the inverse dynamics of closed chain stacking robots, especially in dealing with 

complex systems containing closed chain structures. 

This article focuses on the 4-DOF PR1300 stacking robot with a closed chain 

structure. Because of the mutual influence between local closed chains, the Kane 

method is used to establish a dynamic model, and SolidWorks Motion and MATLAB 

software are used for dynamic simulation and verification, providing reference for 

future control strategy research. 

2. The theoretical basis of Kane’s method 

2.1. Calculation of rod velocity, acceleration, and bias velocity 

In order to calculate the inertial force acting on the rod, it is necessary to 

calculate the rotational speed, linear acceleration, and angular acceleration of each 

rod of the manipulator at each given moment. The relationship between velocity, 

acceleration, etc. in adjacent coordinate systems can be represented by a rotation 

transformation matrix. The recursive calculation method for the velocity, 

acceleration, and partial velocity of the rod and its center of mass is as follows. 

Angular velocity of rod : 

𝜔𝑖
𝑖 = 𝑅𝑖−1

𝑖 ⋅ 𝜔𝑖−1
𝑖−1 + 𝜃̇𝑖 ⋅ 𝑘𝑖

𝑖 (1) 

Linear speed of rod : 

𝑣𝑖
𝑖 = 𝑅𝑖−1

𝑖 (𝜔𝑖−1
𝑖−1 × 𝐿𝑖

𝑖−1 + 𝑣𝑖−1
𝑖−1) (2) 

The centroid velocity of the rod : 

𝑣𝑐𝑖
𝑖 = 𝑣𝑖

𝑖 + 𝜔𝑖
𝑖 × 𝑑𝑐𝑖

𝑖  (3) 

Linear acceleration of the rod : 

𝑣̇𝑖
𝑖 = 𝑅𝑖−1

𝑖 [𝑣̇𝑖−1
𝑖−1 + 𝜔̇𝑖−1

𝑖−1 × 𝐿𝑖
𝑖−1 + 𝜔𝑖−1

𝑖−1 × (𝜔𝑖−1
𝑖−1 × 𝐿𝑖

𝑖−1)] (4) 

Acceleration of the centroid of the rod : 

𝑣̇𝑐𝑖
𝑖 = 𝑣̇𝑖

𝑖 + 𝜔̇𝑖
𝑖 × 𝑑𝑐𝑖

𝑖 + 𝜔𝑖
𝑖 × (𝜔𝑖

𝑖 × 𝑑𝑐𝑖
𝑖 ) (5) 

The angular velocity of the rod  relative to the generalized rate 𝜃̇𝑗: 

𝜔
𝑖,𝜃̇𝑗

𝑖 = {

𝑅𝑖−1
𝑖 𝜔

𝑖−1,𝜃̇𝑗

𝑖−1

𝑘𝑖
𝑖

0  

          

𝑗 < 𝑖
𝑗 = 𝑖
𝑗 > 𝑖

 (6) 

The offset velocity of the rod  relative to the generalized velocity 𝜃̇𝑗: 

i

i

i

i

i

i

i
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𝑣
𝑖,𝜃̇𝑗

𝑖 = {
𝑅𝑖−1

𝑖 (𝜔
𝑖−1,𝜃̇𝑗

𝑖−1 × 𝑙𝑖−1
𝑖−1 + 𝑣

𝑖−1,𝜃̇𝑗

𝑖−1 )

0

𝑗 < 𝑖
𝑗 ≥ 𝑖

 (7) 

The offset velocity of the center of mass of the rod  relative to the generalized 

velocity 𝜃̇𝑗: 

𝑣
𝑐𝑖,𝜃̇𝑗

𝑖 = 𝑣
𝑖,𝜃̇𝑗

𝑖 + 𝜔
𝑖,𝜃̇𝑗

𝑖 × 𝑙𝑐𝑖
𝑖  (8) 

In equations (1) to (8), 𝐿𝑖
𝑖−1 represents the distance vector from the origin of the 

coordinate system of rod i − 1 to the origin of the coordinate system of rod . 𝑑𝑖
𝑖 

represents the distance vector from the origin of rod  coordinate system to the 

center of mass of rod i − 1. 𝑅𝑖−1
𝑖  represents the rotation transformation matrix from 

the origin of rod i − 1 coordinate system to rod  coordinate system. 𝑘𝑖
𝑖 represents 

the unit vector of the coordinate system of rod . 

2.2. Description of Kane’s kinetic equation 

Think of a rigid body as consisting of 𝑛 particles. Let the center of mass of the 

rigid body be 𝐶, take the simplified center of action of 𝐶, and let the resultant force 

of the main force acting on the rigid body be 𝑅𝐶 and the resultant moment be 𝑀𝐶. 

When a rigid body rotates with an angular velocity 𝜔, the velocity of point 𝑖 is: 

𝑣𝑖 = 𝑣𝑐 + 𝑅𝑖 × 𝜔 (9) 

In Equation (9), 𝑅𝑖 is the position vector from the point to the center of mass C. 

𝑣𝑐  is the linear velocity of the center of mass C. 

The partial velocity of 𝑣𝑖 with respect to 𝜃̇𝑗 is: 

𝑣𝑖,𝜃̇𝑗
=

∂𝑣𝑖

∂𝜃̇𝑗

=
∂𝑣𝑐

∂𝜃̇𝑗

+
∂(𝑅𝑖 × 𝜔)

∂𝜃̇𝑗

= 𝑣𝑐,𝜃̇𝑗
+ 𝑅𝑖 × 𝜔𝜃̇𝑗

 (10) 

In the above equation, 𝑣𝑐,𝜃̇𝑗
 represents the deflection velocity of the center of 

mass C with respect to 𝜃̇𝑗 , and 𝜔𝜃̇𝑗
 represents the deflection velocity of the rigid 

body with respect to 𝜃̇𝑗. 

𝑣𝑐,𝜃̇𝑗
=

∂𝑣𝑐

∂𝜃̇𝑗

 (11) 

𝜔𝜃̇𝑗
=

∂𝜔

∂𝜃̇𝑗

 (12) 

The generalized principal force acting on rigid body with respect to the 

generalized rate 𝜃̇𝑗 is: 

i

i

i

i

i
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𝐹𝑗 = ∑𝐹𝑖 ⋅ 𝑣𝑖,𝜃̇𝑗

𝑛

𝑖=1

= ∑𝐹𝑖 ⋅ 𝑣𝑐,𝜃̇𝑗

𝑛

𝑖=1

+ ∑𝐹𝑖 ⋅ (𝑅𝑖 × 𝜔𝜃̇𝑗
)

𝑛

𝑖=1

 

     = ∑𝐹𝑖 ⋅ 𝑣𝑐,𝜃̇𝑗

𝑛

𝑖=1

+ ∑(𝐹𝑖 × 𝑅𝑖) ⋅ 𝜔𝜃̇𝑗

𝑛

𝑖=1

 

     = 𝑅𝐶 ⋅ 𝑣𝑐,𝜃̇𝑗
+ 𝑀𝐶 ⋅ 𝜔𝜃̇𝑗

 

(13) 

The generalized inertia force with respect to the generalized rate 𝜃̇𝑗 is: 

𝐹𝑗
′ = −∑𝑚𝑖𝑎𝑖 ⋅ 𝑣𝑖,𝜃̇𝑗

𝑛

𝑖=1

= −∑𝑚𝑖𝑎𝑖 ⋅ 𝑣𝑐,𝜃̇𝑗

𝑛

𝑖=1

− ∑𝐹𝑖 ⋅ (𝑚𝑖𝑎𝑖 × 𝑅𝑖)

𝑛

𝑖=1

𝜔𝜃̇𝑗
 (14) 

Because of 

∑(𝑚𝑖𝑎𝑖 × 𝑅𝑖)

𝑛

𝑖=1

=
𝑑

𝑑𝑡
(∑(𝑚𝑖𝑣𝑖 × 𝑅𝑖)

𝑛

𝑖=1

) =
𝑑𝐻𝑐

𝑑𝑡
 (15) 

In Equation (15), the moment of momentum 𝐻𝑐  is expressed as the inertia 

tensor of a rigid body. 

[

𝐻𝑥

𝐻𝑦

𝐻𝑧

] = [

𝐼𝑥𝑥 −𝐼𝑥𝑦 𝐼𝑥𝑧

−𝐼𝑦𝑥 𝐼𝑦𝑦 𝐼𝑦𝑧

−𝐼𝑧𝑥 −𝐼𝑧𝑦 𝐼𝑧𝑧

] [

𝜔𝑥

𝜔𝑦

𝜔𝑧

] (16) 

So, if we take the time derivative of 𝐻𝑐, we get: 

𝑑𝐻𝑐

𝑑𝑡
= ∑(𝑚𝑖𝑎𝑖 × 𝑅𝑖

𝑛

𝑖=1

) = 𝐼𝜔̇ + 𝜔 × 𝐼𝜔 (17) 

So, the generalized inertial force can be expressed as: 

𝐹𝑗
′ = −∑𝑚𝑖𝑎𝑖 ⋅ 𝑣𝑐,𝜃̇𝑗

𝑛

𝑖=1

− (𝐼𝜔̇ + 𝜔 × 𝐼𝜔) ⋅ 𝜔𝜃̇𝑗
(𝑗 = 1,2,⋅⋅⋅ 𝑙) (18) 

By adding Equations (14) and (19), Kane’s dynamic equation for a rigid body 

is: 

𝑅𝐶 ⋅ 𝑣𝐶,𝜃̇𝑗
+ 𝑀𝐶 ⋅ 𝜔𝜃̇𝑗

= ∑𝑚𝑖𝑎𝑖 ⋅ 𝑣𝑐,𝜃̇𝑗

𝑛

𝑖=1

+ 𝑁𝐶 ⋅ 𝜔𝜃̇𝑗
 (𝑗 = 1,2,⋅⋅⋅, 𝑙) (19) 

Equation (19) is Kane’s dynamic equation for a rigid body, which means that 

the generalized principal force and generalized inertia force corresponding to the 

generalized rate of the system are equal. Where, 𝑁𝐶 = 𝐼𝜔̇ + 𝜔 × 𝐼𝜔; 𝐼represents the 

inertia tensor of a rigid body with respect to the center of mass C. 

For a robot system with multiple rigid bodies, Kane’s dynamic equation is used 

and the partial velocity is substituted into the formula, and the formula for 

calculating the joint driving torque can be obtained as follows: 
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𝜏𝜃̇𝑗
= ∑𝑀𝑖𝜃̇𝑗

𝑛

𝑖=𝑗

= ∑𝑚𝑖𝑣̇𝑐𝑖
𝑖 ⋅

𝑛

𝑖=𝑗

𝑣𝑐𝑖𝜃𝑗

𝑖 + ∑𝑁𝑖

𝑛

𝑖=𝑗

𝜔𝑖𝜃𝑗

𝑖 − ∑𝑅𝑐𝑖
𝑖

𝑛

𝑖=𝑗

𝑣𝑐𝑖𝜃𝑗

𝑖 − ∑𝑀𝑐𝑖
𝑖

𝑛

𝑖=𝑗

𝜔𝑖𝜃𝑗

𝑖  (20) 

3. Inverse dynamics analysis of PR1300 stacking robot 

3.1. Generalized system speed 

There are two common types of 4-DOF local closed-chain stacking robots, one 

is the coaxial arrangement of 2-axis and 3-axis motors [24], and the other is the 

vertical arrangement of 2-axis and 3-axis motors [25], both of which are widely used 

in industry. The 2-axis and 3-axis motors of the PR1300 stacking robot are arranged 

in a coaxial manner. 

Figure 1 is A schematic diagram of the PR1300 stacking robot mechanism. 

Joint 𝜃4 is constrained by locally closed chains II and III so that the end effector is 

always level. If the forearm drive link, horizontal triangle arm and horizontal holding 

link are ignored, 𝜃4  is regarded as the active joint, the original four-degree-of-

freedom local closed-chain stacking robot is transformed into five degree-of-freedom 

robot , joint 𝜃1, 𝜃2, 𝜃2′ , 𝜃4, 𝜃5is the active joint variable, and joint𝜃3, 𝜃3′ , 𝜃4′  is the 

slave joint variable. 

 

Figure 1. PR1300 stacking robot mechanism schematic. 

According to the motion characteristics of the mechanism, the model is 

simplified without affecting the accuracy of the robot dynamics modeling. Ignoring 

active joint variables 𝜃4 and 𝜃5, the end wrist bracket is directly fixed at the end of 

rod 𝑙3 , and active joint 𝜃1, 𝜃2, 𝜃2′ are selected as the independent generalized 

coordinate of the system, and 𝜃̇1, 𝜃̇2, 𝜃̇2′ are the generalized rate of the system. In 

order to determine the relationship between the generalized rate of the system and 
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other non-generalized rates, the closed chain structure of the stacking robot is 

divided into two ways, left and right, as shown in Figure 2. 

 

Figure 2. Equivalent chain opening diagram of stacking robot. 

The structure parameters and motion parameters of the simplified 4-DOF local 

closed chain stacking robot is shown in Table 1. 

Table 1. Structural parameters and motion parameters. 

Rod 𝒊 𝜶 (°) 𝒂 (mm) 𝒅 (mm) 𝜽 (°) 𝜽𝟎 (°) 

𝑙1 0 0 𝑑0 𝜃1 0 

𝑙2 −90 𝑙1 𝑑1 𝜃2 −90 

𝑙3 0 𝑙2 0 𝜃3 90 

𝑙2′  −90 𝑙1 𝑑1 𝜃2 −180 

𝑙3′  0 𝑙2′  0 𝜃3′  90 

𝑙4′ 0 𝑙3′  0 𝜃4′  90 

𝑙4 0 𝑙3 0 𝜃4 0 

Forward kinematic analysis of left and right open chains are carried out 

respectively. 

3.1.1. For the right open chain 

In Equation (21), 𝑇𝑖+1
𝑖  represents the translation transformation matrix from the 

origin of the rod 𝑖 + 1  coordinate system to the rod coordinate system, 𝑠1 =

sin 𝜃1 , 𝑐1 = cos 𝜃1 , 𝑠2+3 = sin( 𝜃2 + 𝜃3), 𝑐2+3 = cos( 𝜃2 + 𝜃3). 

𝑇1
0 = [

𝑐1 −𝑠1 0 0
𝑠1 𝑐1 0 𝑑0

0 0 1 0
0 0 0 1

]       𝑅1
0 = [

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

] 

𝑇2
1 = [

𝑠2 𝑐2 0 𝑙1
0 0 1 𝑑1

𝑐2 −𝑠2 0 0
0 0 0 1

]       𝑅2
1 = [

𝑠2 𝑐2 0
0 0 1
𝑐2 −𝑠2 0

] 

i
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𝑇3
2 = [

−𝑠3 −𝑐3 0 𝑙2
𝑐3 −𝑠3 0 0
0 0 1 0
0 0 0 1

]      𝑅3
2 = [

−𝑠3 −𝑐3 0
𝑐3 −𝑠3 0
0 0 1

] 

0 0 1 2

3 1 2 3

1 2 3 1 2 3 1 1 2 2 1 1 1 1

1 2 3 1 2 3 1 1 2 2 1 1 1 1 0

2 3 2 3 2 20

0 0 0 1

RT T T T

c c c c s c s l c l s d

s c s c c s s l s l c d d

s c c l

+ +

+ +

+ +

=

− − + − 
 

− + + +
 =
 − −
 
   

(21) 

3.1.2. For the left open chain 

𝑇2′
1 = [

−𝑐2′ 𝑠2′ 0 𝑙1
0 0 1 𝑑1

𝑠2′ 𝑐2′ 0 0

0 0 0 1

]      𝑅2′
1 = [

−𝑐2′ 𝑠2′ 0
0 0 1
𝑠2′ 𝑐2′ 0

] 

𝑇3′
2′

= [

−𝑠3′ −𝑐3′ 0 𝑙2′

𝑐3′ −𝑠3′ 0 0
0 0 1 0
0 0 0 1

]     𝑅3′
2′

= [
−𝑠3′ −𝑐3′ 0
𝑐3′ −𝑠3′ 0
0 0 1

] 

𝑇4′
3′

= [

−𝑠4′ −𝑐4′ 0 𝑙3′

𝑐4′ −𝑠4′ 0 0
0 0 1 0
0 0 0 1

]     𝑅4′
3′

= [
−𝑠4′ −𝑐4′ 0
𝑐4′ −𝑠4′ 0
0 0 1

] 

𝑇3
4′

= [

1 0 0 𝑙4′

0 1 0 0
0 0 1 0
0 0 0 1

]         𝑅3
4′

= [
1 0 0
0 1 0
0 0 1

] 

0 0 1 2 3 4

3 1 2 3 4 3

1 2 3 4 1 2 3 4 1 1 2 3 4 4 1 2 3 3 1 2 2 1 1 1 1

1 2 3 4 1 2 3 4 1 1 2 3 4 4 1 2 3 3 1 2 2 1 1 1 1 0

2 3 4 2 3 4 2 30

LT T T T T T

c c c s s c c l c s l c c l c l s d

s c s s c s c l s s l s c l s l c d d

s c s

  

  

              + + + + + + +

              + + + + + + +

       + + + + + +

=

− − + − + −

− + − + + +
=

− − − 4 4 2 3 3 2 2

0 0 0 1

l c l s l      +

 
 
 
 + +
 
   

(22) 

In Equation (22), 𝑠1 = sin𝜃1 , 𝑐1 = cos 𝜃1 , 𝑠2′+3′+4′ = sin( 𝜃2′ + 𝜃3′ +

𝜃4′), 𝑐2′+3′+4′ = cos( 𝜃2′ + 𝜃3′ + 𝜃4′). 

Through forward kinematic analysis of the left and right open chains, the 

position and pose of the end effector should be the same, that is, 𝑅𝑇3
0 = 𝐿𝑇3

0. It is 

also known from the structure conditions of PR1300 stacking robot, 𝑙2 = 𝑙3′ , 𝑙2′ =

𝑙4′  and 𝜃4′ = 𝜃3, so the relationship between the independent generalized coordinates 

of the system and other non-independent generalized coordinates can be easily 

obtained as follows: 

{
𝜃3′ = 𝜃2 − 𝜃2′

𝜃4′ = 𝜃3 = 𝜃2′ − 𝜃2
 (23) 
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After differentiating both ends, the relationship between the generalized rate 

and other non-generalized rates of the system is 

{
𝜃̇3′ = 𝜃̇2 − 𝜃̇2′

𝜃̇4′ = 𝜃̇3 = 𝜃̇2′ − 𝜃̇2

 (24) 

3.2. Solving the driving torque of the active joint 

According to Equations (1)–(20), the driving torque of each arm rod in the left 

and right open chain is calculated respectively. Considering the gravity of the robot 

rod, 𝑣̇0
0 = [0 0 𝑔]𝑇  is taken as the initial value, 𝜔0

0, 𝜔̇0
0  and 𝑣0

0  are taken as 

[0 0 0]𝑇. 

3.2.1. Find the driving torque on the left open chain 

The driving torque 
ji

M
 (𝑖 = 1, 2′, 3′; 𝑗 = 1,2, 2′)  can be obtained for the 

𝑙1, 𝑙2' , 𝑙3' rods in the left open chain. 

For bar 𝑙1, the angular velocity is: 

𝜔1
1 = 𝑅0

1𝜔0
0 + 𝜃̇1𝑘1

1 = [

0
0
𝜃̇1

] (25) 

Deflection velocity with respect to generalized velocity 𝜃̇𝑗: 

𝜔
1𝜃̇1

1 = [
0
0
1
] , 𝜔

1𝜃̇2

1 = [
0
0
0
] , 𝜔

1𝜃̇
2′

1 = [
0
0
0
] (26) 

Linear velocity: 

𝑣1
1 = 𝑅0

1(𝜔0
0 × 𝐿1

0 + 𝑣0
0) = [

0
0
0
] (27) 

Linear velocity of center of mass: 

𝑣1𝑐1

1 = 𝑣1
1 + 𝜔1

1 × 𝑑1𝑐
1 = [

0
𝑑1𝑐

1 𝜃̇1

0

] (28) 

The deflection velocity of the center of mass with respect to 𝜃̇𝑗: 

𝑣
1𝑐𝜃̇1

1 = [
0

𝑑𝑐1
1

0

] , 𝑣
1𝑐𝜃̇2

1 = [
0
0
0
] , 𝑣

1𝑐𝜃̇
2′

1 = [
0
0
0
] (29) 

Angular acceleration: 

𝜔̇1
1 = 𝑅0

1𝜔̇0
0 + 𝑅0

1𝜔0
0 × 𝜃̇1𝑘1

1 + 𝜃̈1𝑘1
1 = [

0
0
𝜃̈1

] (30) 

Linear acceleration: 
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𝑣̇1
1 = 𝑅0

1[𝑣̇0
0 + 𝜔̇0

0 × 𝐿0
0 + 𝜔0

0 × (𝜔0
0 × 𝐿0

0)] = [
0
0
𝑔
] (31) 

Line acceleration of the center of mass: 

𝑣̇1𝑐
1 = 𝑣̇1

1 + 𝜔̇1
1 × 𝑑𝑐1

1 + 𝜔1
1 × (𝜔1

1 × 𝑑1𝑐) = [
−𝑑1𝑐

1 (𝜃̇1)
2

𝑔𝑑1𝑐
1

0

] (32) 

Inertia moment: 

𝑁1
1 = 𝐼1𝑧𝑧𝜔̇1

1 + 𝜔1
1 × 𝐼1𝑧𝑧𝜔1

1 = [
0
0

𝐼1𝑧𝑧𝜃̈1

] (33) 

Joint driving torque: 

𝑀1𝜃̇1
= 𝑚1 ⋅ 𝑣̇1𝑐

1 ⋅ 𝑣
1𝑐𝜃̇1

1 + 𝑁1
1 ⋅ 𝜔

1𝜃̇1

1 = 𝑚1𝑔(𝑑1𝑐
1 )2 + 𝐼1𝑧𝑧𝜃̈1 

𝑀1𝜃̇2
= 𝑚1 ⋅ 𝑣̇1𝑐

1 ⋅ 𝑣
1𝑐𝜃̇1

1 + 𝑁1
1 ⋅ 𝜔

1𝜃̇1

1 = 0 (34) 

𝑀1𝜃̇
2′

= 𝑚1 ⋅ 𝑣̇1𝑐
1 ⋅ 𝑣

1𝑐𝜃̇
2′

1 + 𝑁1
1 ⋅ 𝜔

1𝜃̇
2′

1 = 0 

For bar 𝑙2′, the whole calculation process is similar to bar 𝑙1, and the calculation 

result is given directly. 

1 1 1

2 2 2 2

2 2 22 2 2

2 2 2

2 1 2 2 2 2 1 2 1 1 2 2 1( )(2 )

c c

c c c

M m v v N

m l d c d s l d c

  


   

   

    

  

       

=   +

= − + −
 

𝑀2′𝜃̇2
= 𝑚2′ ⋅ 𝑣̇2′𝑐

2′ ⋅ 𝑣
2′𝑐𝜃̇2

2′ + 𝑁
2′
2′𝜔

2′𝜃̇2

2′ = 0 (35) 

2 2 2

2 2 2 2

2 2 22 2 2

2 2 2 2 2

2 2 2 1 2 1 2 2 2 2 1 2 2[ ( ) ( ) ] 4

c c

c c zz

M m v v N

m d c g l s d s c I b ac

  


   

  

   

    

 

         

=   +

=  − + + + −
 

For bar 𝑙3′, the whole calculation process is similar to bar 𝑙1, and the calculation 

result is given directly. 

1 1 1

3 3 3 3

3 3 33 3 3

3 3 3 3

3 1 2 2 3 2 1 1 2 2 1 2 2 2 1 3 2 1 2 3 2 1 3 2 1 2 2( )[ 2 2 ]

c c

c c c c

M m v v N

m l l c d s l l s l c d c d s d c

  


        

   

    

   

            −

= +

=  − + + − + + +
 

2 2 2

3 3 3 3

3 3 33 3 3

3 2 2 2

3 3 1 2 1 2 2 2 1 2 2 2 2 2 2 2 2

3 3 2

2 3 2 3 3 2 2 1 3 2 3

[ ( ) ( ) ( )

( ) ( ) ] ( )

c c

c

c c zz

M m v v N

m d l c l c c l c l s

s g d d s c I

  


   

    

   

    



         − −

 

      

= +

=   − + + −

− + + − + +  

(36) 

2 2 2

3 3 3 3

3 3 33 3 3

2 2 2 3 2

3 1 2 2 1 2 2 2 1 2 2 2 2 3 2 2 2 2 1

3 2 3 3 2

3 2 2 2 2 2 3 2 2 2 3 2 3 2 2 2 2 1

[ ( ) ( ) ( ) ( )

( ) ( ) ( ) ]

c c

c

c c c

M m v v N

m l l s s c l l l c g d l c s

d l c l d s l d s s c

  


   

   

  

   

    



            −

  

          − − −

= +

= + + + −

− − + +
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3.2.2. Right open chain to find the driving torque 

Similarly, the driving torque 𝑀𝑖𝜃̇𝑗
(𝑖 = 2,3; 𝑗 = 1,2, 2′) can be obtained for rod 

𝑙2, 𝑙3in the right open chain 

For the 𝑙2 bar, we can find 

1 1 1

2 2 2 2

2 2 22 2 2

2 2 2

2 1 2 2 1 1 2 2 1 2 2 2 1( )( 2 )

c c

c c c

M m v v N

m l d s l d c d s

  


   

=   +

= − + + +  
(37) 

2 2 2

2 2 2 2

2 2 22 2 2

2 2 2 2 2

2 2 1 2 1 2 2 2 2 2 2 1 2 2[ ( ) ( ) ]

c c

c c c zz

M m v v N

m d l c s g d d s c I

  


   

=   +

= − − + − +
 

𝑀2𝜃̇
2′

= 𝑚2 ⋅ 𝑣̇2𝑐
2 ⋅ 𝑣

2𝑐𝜃̇
2′

2 + 𝑁2
2𝜔

2𝜃̇
2′

2 = 0 

For the 𝑙3 bar, we can find 

1 1 1

3 3 3 3

3 3 33 3 3

3 3 3

3 1 2 2 3 2 1 1 2 2 1 2 2 2 1 3 2 1 2 2 1 2 1 2 2 3 2 1 2( )[ 2 ( ) ]

c c

c c c

M m v v N

m l l s d s l l c l s d s c s d s

  


                −

= +

= + + + + − − + −
 

2 2 2

3 3 3 3

3 3 33 3 3

2 2 2 3 2

3 1 2 2 1 2 2 2 1 2 2 2 2 2 3 2 2 2 1

3 2 3 3 2

2 3 2 2 2 2 3 2 2 2 3 2 3 2 2 2 2 1

[ ( ) ( ) ( ) ( )

( ) ( ) ( ) ]

c c

c

c c c

M m v v N

m l l c s c l l l s g l d c c

l d c l d s l d s c s

  


   

   

 −

     − − −

= +

= − − + − −

− − + +  

(38) 

2 2 2

3 3 3 3

3 3 33 3 3

3 2 2 2

3 3 1 2 1 2 2 2 1 2 2 2 2 2 2 2 2 2

3 3 2

3 2 3 3 2 2 1 3 2 3

[ ( ) ( ) ( )

( ) ( ) ] ( )

c c

c

c c zz

M m v v N

m d l s l s s l c l s c g

d d s c I

  


   

    

  

    − −

 

= +

= + + − −

+ + − + +

 

Let 𝜏𝑖(𝑖 = 1,2, 2′) represent the driving torque of joint 𝑖, and get the system 

inverse dynamic equation of rigid body: 

𝜏𝑖 = ∑𝑀𝑖𝜃̇𝑗

𝑖=𝑗

= 𝜏𝑔𝑖
+ 𝜏𝑎𝑖

+ 𝜏𝑣𝑖
(𝑗 = 1,2, 2′, 3,3', 4) (39) 

In Equation (25), 𝜏𝑔𝑖
, 𝜏𝑎𝑖

 and 𝜏𝑣𝑖
 respectively represent the gravity term, inertia 

term and velocity term in the joint driving torque. Among them, 

𝜏𝑔𝑖
= [

𝜏𝑔1

𝜏𝑔2

𝜏𝑔2′

] = [

𝑚1(𝑑1𝑐
1 )2𝑔

−(𝑚3′𝑑3′𝑐
3′ 𝑠2 + 𝑚2𝑑2𝑐

2 𝑠2 + 𝑚3𝑙2𝑠2)𝑔

(𝑚2′ ⋅ 𝑑2′𝑐
2′ 𝑐2′ + 𝑚3′𝑙2′𝑐2′ − 𝑚3𝑑3𝑐

3 𝑐2′)𝑔

] 

𝜏𝑎𝑖
= [

𝜏𝑎1

𝜏𝑎2

𝜏𝑎
2′

] =

[
 
 
 
 
 
 
 
 𝑚2′(𝑙1 − 𝑑

2′𝑐
2′ 𝑐2′)

2𝜃̈1 + 𝑚3′ ⋅ (𝑙1 − 𝑙2′𝑐2′ + 𝑑
3′𝑐
3′ 𝑠2)

2𝜃̈1 + 𝑚3(𝑙1 + 𝑙2𝑠2 + 𝑑3𝑐
3 𝑠2′)

2𝜃̈1

−𝑚2(𝑙1 + 𝑑2𝑐
2 𝑠2)

2𝜃̈1 + 𝐼1𝑧𝑧𝜃̈1

[𝑚3′ ⋅ (𝑑3′𝑐
3′ )2 + 𝑚2(𝑑2𝑐

2 )2 + 𝑚3(𝑙2)
2]𝜃̈2 − (𝑚3𝑙2𝑑3𝑐

3 𝑠2′−2 + 𝑚3′ ⋅ 𝑙2′𝑑3′𝑐
3′ 𝑠2−2′)𝜃̈2′

+(𝐼3′𝑧𝑧 + 𝐼2𝑧𝑧)𝜃̈2

[𝑚3(𝑑3𝑐
3 )2 + 𝑚2′ ⋅ (𝑑2′𝑐

2′ )2 + 𝑚3′(𝑙2′)
2]𝜃̈2′ − (𝑚3′𝑙2′𝑑3′𝑐

3′ 𝑠2−2′ + 𝑚3𝑑3𝑐
3 𝑙2𝑠2′−2)𝜃̈2

+(𝐼2′𝑧𝑧 + 𝐼3𝑧𝑧)𝜃̈2′ ]
 
 
 
 
 
 
 
 

 (40) 
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𝜏𝑣𝑖
= [

𝜏𝑣1

𝜏𝑣2

𝜏𝑣
2′

] =

[
 
 
 
 
 
 
 
 
 
 
 
 
 2𝑚2′𝑑2′𝑐

2′ 𝑠2′(𝑙1 − 𝑑
2′𝑐
2′ 𝑐2′)𝜃̇2′𝜃̇1 + 𝑚3′ ⋅ (𝑙1 − 𝑙2′𝑐2′ + 𝑑

3′𝑐
3′ 𝑠2)[2𝑙2′𝑠2′𝜃2′ + 2𝑑

3′𝑐
3′ 𝑐2𝜃̇2

+𝑑
3′𝑐
3′ 𝑐2𝜃̇2−2′]𝜃̇1 − 2𝑚2𝑑2𝑐

2 𝑐2(𝑙1 + 𝑑2𝑐
2 𝑠2)𝜃̇2𝜃̇1 + 𝑚3(𝑙1 + 𝑙2𝑠2 + 𝑑3𝑐

3 𝑠2′)[2𝑙2𝑐2𝜃̇2 −

𝑑3𝑐
3 (𝑠2′𝜃̇2 + 𝑠2′𝜃̇2′−2) − 𝑑3𝑐

3 𝑠2′𝜃̇2′]𝜃̇1

𝑚3′ ⋅ 𝑑3′𝑐
3′

⋅ [−𝑙1𝑐2 + 𝑙2′𝑐2′𝑐2 − 𝑑
3′𝑐
3′ 𝑠2𝑐2](𝜃̇1)

2 + 𝑚2𝑑2𝑐
2 [−𝑙1𝑐2 − 𝑑2𝑐

2 𝑠2𝑐2](𝜃̇1)
2

𝑚3[−𝑙1𝑙2𝑐2 − (𝑙2)
2𝑠2𝑐2 − 𝑙2𝑑3𝑐

3 (𝑐2′)
2𝑐2′−2 + 𝑙2𝑑3𝑐

3 𝑠2′𝑐2′𝑠2′−2](𝜃̇1)
2 − 𝑚3𝑙2𝑑3𝑐

3 𝑐2′−2

(𝜃̇2′)
2 + 𝑚3′ ⋅ 𝑑3′𝑐

3′ 𝑙2′𝑐2−2′(𝜃̇2′)
2

𝑚2′ ⋅ 𝑑2′𝑐
2′ (𝑠2′𝑐2′ − 𝑙1𝑠2′)(𝜃̇1)

2 + 𝑚3′[𝑙1𝑙2′𝑠2′ + 𝑠2′𝑐2′(𝑙2′)
2 − 𝑑

3′𝑐
3′

𝑙2′𝑐2−2′(𝑠2)
2

+𝑙2′𝑑3′𝑐
3′ 𝑠2−2′𝑠2𝑐2](𝜃̇1)

2 + 𝑚3𝑑3𝑐
3 [𝑙1𝑠2′ + 𝑙2𝑠2𝑠2′ − 𝑑3𝑐

3 𝑠2′𝑐2′](𝜃̇1)
2 + (𝑚3𝑑3𝑐

3 𝑙2𝑐2′−2

−𝑚3′𝑑3′𝑐
3′ 𝑙2′𝑐2−2′)(𝜃̇2)

2
]
 
 
 
 
 
 
 
 
 
 
 
 
 

 

4. Dynamic simulation 

In order to verify the correctness of dynamic calculation based on KANE 

method, MATLAB was used for dynamic simulation based on the above theoretical 

derivation. At the same time, SolidWorks software is used to establish the three-

dimensional model of the stacking robot, set the material properties, and carry out 

the dynamic simulation of the driving torque of the upper and lower arm joints with 

SolidWorks Motion. Based on the same trajectory planning data, the correctness of 

dynamic derivation based on KANE method in this paper is verified by comparing 

the simulation results of the two methods. The verification route of kinetic theory 

derivation is shown in Figure 3. 

 

Figure 3. Verification route of kinetic theory derivation. 
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4.1. Virtual prototype model of stacking robot based on solid works 

SolidWorks is a full three-dimensional parametric mechanical design platform 

integrating CAD/CAE/CAM launched by Dassault Systems, a French company. 

SolidWorks is one of the most widely used computer aided design, analysis and 

manufacturing software in the field of mechanical engineering in the world. It 

provides a powerful feature-based parametric solid modeling function, users can 

stretch, rotate, scan, lofting and other different feature tools for product design. 

For assembly design, SolidWorks provides intelligent constraint assembly 

technology that automatically reasoning and provides fit options for the designer, as 

well as dynamic interference inspection and clearance detection of moving parts. 

In this paper, SolidWorks software is used to model the main parts of PR1300 

stacking robot. On the basis of this, the virtual prototype model of PR1300 stacking 

robot is established through the assembly form of SolidWorks software. 

The main structural scale parameters of PR1300 stacking robot are shown in 

Table 2: 

Table 2. Parameters of the main parts and dimensions of the stacking robot (unit: 

mm). 

Component Name Dimensional parameters (length * cross-sectional size) Material 

Big arm 1220 × 25 × 25 HT200 

Forearm 1300 × 18 × 18 HT200 

Drive arm of forearm 590 × 70 × 130 HT200 

Drive linkage of forearm 1220 × 186 × 51 HT200 

Horizontal holding 1 link 1220 × 60 × 40 HT200 

Horizontal holding 1 link 1300 × 60 × 40 HT200 

The selection of each joint servo motor and reducer is shown in Table 3: 

Table 3. Parameters of each joint motor and reducer. 

Joint Electrical machinery Reducer 

Base joint 

Model: Siemens 1FT7102-5AF7 

Rated power: 6280 w 

Rated speed: 3000 r/min 

Moment of inertia: 63.6 × 10−4 kg ⋅ m𝟐 

RV-400C 

Speed ratio: 209 

Output torque: 3752 N ⋅ m 

The joints of the 

big arm 

Model: Siemens 1FT7086-1AF7 

Rated power: 5650 w 

Rated speed: 3000 r/min 

Moment of inertia 63.6 × 10−4 kg ⋅ m𝟐 

RV-450E 

Speed ratio: 192 

Output torque: 4410 N ⋅ m 

The joints of the 

forearm 

Model: Siemens 1FT7086-1AF7 

Rated power: 5650 w 

Rated speed: 3000 r/min 

Moment of inertia 63.6 × 10−4 kg ⋅ m𝟐 

RV-320E 

Speed ratio: 189 

Output torque: 3136 N ⋅ m 

Wrist joint 

Model: Siemens 1FT7064-1AF7 

Rated power: 2390 w 

Rated speed: 3000 r/min 

Moment of inertia 11.9 × 10−4 kg ⋅ m𝟐 

RV-80E 

Speed ratio: 121 

Output torque: 784 N ⋅ m 

A virtual prototype model of PR1300 stacking robot was established 
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considering the appearance, weight, rigidity and machining difficulty of parts. 

4.2. Dynamic simulation of stacking robot based on Solidworks motion 

Solidworks Motion is a powerful 3D kinematics and dynamics simulation plug-

in from SolidWorks that simulates the mechanical actions of assemblies and their 

resulting forces, driving torques, displacements, and velocities. It provides a variety 

of motion motor, spring, force and damping options to simulate the real environment, 

enabling users to simulate various mechanical structures, accurately predict load 

changes, and calculate the change curve of speed, acceleration and driving torque. 

Therefore, this chapter decides to use Solidworks Motion as the dynamic simulation 

platform of PR1300 stacking robot. 

The motion path of the robot end effector is set as a straight-line segment 

between two path points p1 = [1800 0 800] and p2 = [1800 0 1500]. In the dynamic 

simulation, the modified trapezoid was selected as the robot acceleration motion law, 

and the maximum acceleration during the robot motion was set as 3200 mm/s2: The 

maximum speed is 1200 mm/s. Under the Motion law determined by the trajectory 

planning, the displacement data points of each joint with a time interval of 0.01s on 

the movement path of the PR1300 palletiste robot are saved into txt format files 

according to the data format required by SolidWorks Motion. 

In order to reduce the complexity of simulation calculation, some unimportant 

parts were deleted without affecting the overall assembly relationship of the robot, 

and the existence of friction was ignored in the simulation process, and the 

simulation model of SolidWorks Motion was obtained, as shown in Figure 4. 

 

Figure 4. Schematic of the motion path of the stacking robot. 

In SolidWorks, a rotating motor was added to each joint of the robot virtual 

prototype model, the gravity parameter was set as 9800 mm/s2, the motor movement 

mode was selected to import data points into the mode, the txt file of the obtained 

displacement data points was imported, and the interpolation type was selected cubic 

spline curve. 

4.3. Comparison of simulation results based on SolidWorks motion and 

MATLAB 

The displacement, velocity and acceleration values of each joint of PR1300 
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stacking robot with a time interval of 0.01s on the moving path were obtained from 

the trajectory planning, which were substituted into the dynamic theory model, and 

the function curve of the robot joint torque was fitted. As shown in Figure 5, in order 

to compare the simulation results of driving torque of the upper and lower arm joints 

based on SolidWorks Motion and MATLAB respectively. 

  

(a) (b) 

  

(c) (d) 

Figure 5. Comparison of simulation results of driving torque of the upper arm and the lower arm (a) big arm motor 

torque curve (SolidWorks motion); (b) big arm joint torque function curve (MATLAB); (c) forearm motor torque 

curve (SolidWorks Motion); (d) forearm joint torque function curve (MATLAB). 

It can be seen from the comparison results that the joint torque function curve 

obtained by MATLAB simulation basically fits the motor torque curve obtained by 

SolidWorks Motion simulation. The peak driving torque of the large arm is 0.12 s, 

which is about 2900 N ⋅ m, and the peak driving torque of the lower arm is 0.36 s, 

which is about 700 N ⋅ m. It is proved that the dynamics theory of PR1300 stacking 

robot in this paper is correct and the simulation model is reasonable. The difference 

in some data may be caused by the omission of some parts during simulation. 

5. Summary 

In this paper, Kane method is used to study the inverse dynamics of 4-DOF 

stacking robot with closed chain structure. The main conclusions are as follows: (1) 
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The robot rod is divided into left and right branch chains, and the relationship 

between the generalized rate and the non-generalized rate of the system is obtained 

according to the forward kinematics solution. On this basis, fully considering the 

effect of the closed chain structure on the torque of the drive shaft, Kane method was 

used to program the PR1300 stacking robot to obtain the dynamic expression, which 

is a first-order differential algebraic equation set, and completely included the 

dynamic calculation of each moving component. Therefore, this model has practical 

guiding significance for the subsequent control strategy research and simulation. (2) 

The virtual prototype model was established in SolidWorks environment, and the 

dynamics simulation of the stacking robot was carried out based on the SolidWorks 

Motion simulation platform under the premise of given motion path and motion law, 

and the driving torque curve of the upper and lower arm joints was obtained. 

Compared with the simultion results of theoretical model using MATLAB. The 

comparison results show that the kinetic theory is correct and the simulation model is 

reasonable. Both the software simulation and the numerical calculation show that the 

4-DOF stacking robot with closed chain structure moves smoothly and has no strong 

impact on the motor due to the interaction between different components, which 

provides the necessary basis for the dynamic scale synthesis of subsequent robots. 
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